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SUBlaIARY 
A device has been developed for correct 
measurement of the kinematic coefficient of 
friction between a cohesionless granular mate- 
rial and a surface. Particle size may range 
from O-5 up to about 9 mm, depending some- 
what on the desired accuracy_ Sliding velocity 
of the granules with respect to the surface was 
varied up to 33 m/s. The accuracy of the mag- 
nitude of the friction coefficient is within 
21.570, whereas the variation of this coeffi- 
cient, as caused by the sliding velocity, can be 
obtained with an accuracy of ~0.5%. 
INTRODUCTION 
For both theoretical and experimental 
analysis of the characteristics of bulk 
conveyors, the surface friction coefficient is 
an important design parameter. 
In most cases, ie. steel walls, the coeffi- 
cient of internd tiction of granular material 
is considerably larger than the wall friction 
coefficient Consequently, as has been con- 
firmed experimentally, the flow of granules 
along conveyor walls is mainly translation- 
like, with onIy relatively small superimposed 
rotational movements of the granules. The 
well-known ‘dead-load” methods for experi- 
mental determination of the wall friction 
coefficient [2 - 91 do not simulate this pheno- 
menon closely enough, as they generally pre- 
vent the granules too much from rotation, 
especially those interfacing the (wall) surface. 
Microscopical inspection of those granules 
afterwards indeed showed flattened and pol- 
luted areas, such that the results cannot be 
considered representative for the kinetic 
coefficient of friction thus determined. This 
deficiency has been prevented in the device 
that will be described here, which, therefore, 
in the first place leads to more reliable results 
than with one of the “dead-load” methods. 
Moreover, the tests were carried out with high 
accuracy as air bearings were, necessarily, 
applied. 
The new method was coincidentally deve- 
loped Born some preliminary investigations of 
the characteristics of screw conveyors as des- 
cribed earlier [l] , in which use was made of 
a device for the development of a physical 
model for this type of conveyor_ Later on, 
it was found that the same device, although 
slightly modified, can be used to measure sur- 
face friction coefficients very accurately. The 
method wilI be described; some test results 
will be given, attention will be paid to its 
limitations, and reference will be made to the 
different results as obtained with the “dead- 
load” method. 
THE TEST DEVICE 
To obtain information about the behaviour 
of a granular mass inside a vertical screw con- 
veyor, originally a special test device was 
built, Fig_ l(a)_ It consisted mainly of two 
parts: a tied vertical tube and a horizontal 
disc, the last one being driven by a fixed 
variable motor-gearbox combination. 
When this apparatus is partly filled with 
granules and the disc is set in motion, the pro- 
file of the free surface of the granular mass 
becomes steeper with increasing disc speed 
o,,, as the angular speed o of the granular mass 
also increases_ From a certain disc speed, 
however, both angular speed and shape of the 
free surface of the buIk remain constant, 
i.e. a further rise of the disc speed has no 
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Fig_ l_ Sketch of the original and modified test de- 
vice_ (a) Original version with variable transmission (VT) 
and eIectro-motor (EM) in fried position_ (b) Modified 
version with measuring arm; VT and EM are united, 
and suspendedinairbearingsat_Xand B. 
more influence_ By scanning the free surface 
by a number of pins, Fig. l(a), it appeared 
that the free surface approaches a paraboloid 
very closely. Moreover, the experiments have 
shown that, when running at constant speed, 
the motion between the granules is negligible. 
It was found that the behaviour of the gra- 
nular mass can be based upon a physical 
model as described earlier Cl], which will be 
repeated here: 
(1) The specific density of the granular 
solid is constant, as are the coefficients of 
friction k, cct and pi at the disc surface, tube 
wail and inside the granular mass, respectively_ 
(2) The intersection of the free surface of 
the granular mass with a radial plane is part of 
a parabola, with war/g as fit derivative; r 
being the radius and g gravity- 
(3) The mean pressure at each point inside 
the granular mass equals the static head_ 
(4) There is no relative motion of gram&s 
when running at constant speed_ 
This model holds for a wide range of gra- 
nular materials; its limitations will be discus- 
sed later. 
From the model and the extremely good 
reproduction of the tests, the idea arose that 
the friction coefficients at tube wali and disc 
would follow by simple calculation from the 
geometry of the granular mass; its angular 
speed o and the moment required to drive 
thedisc_For thelastreasontheoriginaldrive 
was replaced by a vertical motonearbox com- 
bination cushioned in air bearings, Fig. l(b). 
--A_ i __- I A--_ 1 
Fig. 2. Diagram of the physical model. 
As measurement of the friction coefficient 
versus velocity was considered the main goal, 
test runs were carried out accordingly by 
increasing the disc speed step by step, keeping 
the amount of granular mass constant. This 
amount is somewhat fLued, as a large batch 
will take too long to settle, while a small 
batch mill result in considerable loss of accu- 
racy_ Optimal results were achieved with 
inner radii of the running batch between 70 
and 85% of the outer radius. 
Realising that for a known angular speed of 
the granular mass, either its volume is deter- 
mined by the inner radius (ri) or the inner 
radius is determined by the volume, two diffe- 
rent procedures can he followed in carrying 
out the experiments_ 
The first procedure requires measurement 
of the inner radius after a more or less arbi- 
trary amount of grant&r mass has been 
poured in_ The second procedure requires a 
carefully predetermined volume of granular 
mass, i.e. balance and measuring glass are 
needed- In what follows, reference will be 
made to these procedures as the geometric 
and volumetric method, respectively. No 
theoretical preference is obvious for one of 
these methods, but actually the volume 
method appeared to exceed the accuracy of 
the geometric one. It was surprising that cor- 
reetion for the air resistance ofthe running 
disc was worth while, especially in the case of 
thevolume method_ Both methods willbe 
euplainedfirstanddiscussedafterwxds_ 
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DETERMNATION OF THE FRICTION COEFFI- 
CIENTS 
l_ Geometric method* 
In making use of the physical model, from 
Fig 2 it follows that 
dh wsi- 
-=- 
dr g 
(1) 
or 
h =$p -e) 
in which Ti 5 r 2 ru. 
The moment esertecl by the disc upon the 
granules equals 
l-=TU 
nr, = 
s 
2xhpgmr”-dr (3) 
r=b-i 
or, making use of (2): 
with h = kinetic coefficient of friction be- 
tween disc and grsnules, U = w5;/g, the accel- 
eration number of the granular material, and 
b = G/r,, quotient of the inner and outer radii 
of the granular mass. 
As the sliding velocity of the granules over 
the disc varies with the radius, the coefficient 
of friction can be expected to vary too. It 
seems therefore rather contradictory to assume 
pa to be a constant in eqn. (4). However, 
in Appendix 1 this assumption is justified. 
In a similar way it can be shown that the 
wall friction causes a moment: 
Ti 
I M, I = p, z pgUrz (1 - b212 (5) 
External equilibrium of the granular mass 
means: 
IM,l = IM~I (6) 
Both friction coefficients, pa and 1_1,, are 
the only unknowns in (4) and (5) as r,, p, ri, 
w and Md can be measured, g being known. 
As the velocity of sliding between granules 
and disc varies along the radius, an average 
value has to be used which is permitted when 
(1 - b) is relativeIy small This average can be 
based upon an effective radius r, correspond- 
ing with the location of the centre of gravity 
of the cross-section ABC, Fig. 2. 
fA complete list of symbols is given on page 76_ 
Assuming that: 
Md = Wp,r, (7) 
with W = weight of the fill, it easily follows 
that 
with 
4V 
&=L+_ 
ml8 
(9) 
being defined as the fill number. V represents 
the volume of the fill. The average sliding 
velocity at the disc and the (exact) sliding 
velocity at the tube wall are 
0, = (ad --o)re 
and 
(10) 
LV= wr, 
respectively. 
(11) 
The method requires a minimum speed of 
the disc, wd otherwise the granules will 
get too inte%ie a relative motion, initiated 
at ri, as can be shown analytically and WAS 
also observed from the experiment. Accord- 
ing to Appendix 2, this speed follows approx- 
imately from 
A common value of ~i/Cca for free-flowing gra- 
nules sliding over a rather smooth steel surface 
is ~2, so that U” - 5 1/(3b)_ If b = 0.8 ml* - 
then U2 2 0.4, which was confirmed by the 
experiments_ 
As mentioned before, the overall accuracy 
that could be achieved with this method was 
not very satisfactory, because of the extraor- 
dinarily inaccurate determination of ri with 
respect to the remaining quantities. For 
example, Md, w and p were easily determined 
within about 20.25; +0.2 and ~1% respective- 
ly. Depending somewhat on the average 
grain sire it was generally impossible to esti- 
mate ri within 2 mm tolerance, which has to 
be compared with the rather small value of 
r -ri. u 
Fluctuations in friction coefficients UP to 
about 13% were found in spite of excellent 
reproduction in Md and w_ Figure 3 illustrates 
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Fig_ 3_ The error in ri due to the fiiite dimensions of 
the granules hx to be eliminated. 
how considerable the difference between 
the real and apparent inner radius can be, 
depending among other things, on the disc 
speed when the material is poured. For exam- 
pie, it was more difficult to measure ri when 
the material was poured in at low disc speeds 
than at high speeds. An estra handicap is 
that 2~~ has a strong influence on the final 
result, as can be demonstrated by differentia- 
tion of (4): 
in which ePd g the relative error in pd. and 
Ari/ru = 96 g the relative error in b. Using 
(Z), (4) and (6), a simiiar expression for p, 
follows from (5): 
(13) 
Both relations are shown in Fig_ 4_ 
Because averaging the sliding velocity 
according to (10) is only allowed for relatively 
smaII fiiI.s, normally b was not taken below 
OS_ From Fig_ 4 it can be seen that the error 
in the friction coefficient will then be tenfold 
theinaccuracyinthe innerradius- Inourtest 
device ru = 225 mm, which means that for 
Ari = 52 and 53 mm the relative error in the 
inner radius (I -Jr=;) equals 0.89% and 1.33% 
respectively. This corresponds with errors in 
the friction coefficients of 8.9 and 13.3%, 
which makes the obtained overall inaccuracy 
understandable. Although this method stilI 
gives reasonable results for smaller grain size, 
the volume method is preferahIe as this prob- 
'a --- /%I t i - _ i T-- - ----f--- 
Fig. 4. Relative error in the WZU and disc coefficient 
of friction caused by an inaccuracy L!v,. as a function 
ofb. 
lem is then avoided. This method will be 
discussed next. 
2. Volume method 
Here a certain fill, determined with balance 
and measuring glass, is poured into the appa- 
ratus_ The inner radius of the bulk is then 
calculated instead of measured, assuming a 
constant density_ This can be interpreted as 
determination of the radius of the circle of 
intersection between the disc and the “aver- 
age” free surface of the granules, indicated 
in Fig- 3 by the dotted line_ Using (2), the 
volume 
r=ru 
v= J 2irhrdr (14) 
r=ri 
can be written: 
from which 
(15) 
(16) 
With this value of b, the coefficients of 
friction then follow from (4) and (5). and the 
sliding velocities fi-om (8) to (11). Experi- 
mentally this method is much more elegant 
than the one described before, as for a 
constant fill (K,,) the relative radius b is direct- 
ly related to the measured value of w and 
therefore also to U (16). As, moreover, the 
annular speed was measured electronically, 
the inaccuracy problem inherent to the geo- 
metrical method was thus eliminated. 
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However, due to those accurate measure- 
ments two other imperfections showed up_ 
The first one was a slight difference in the 
final results of some materials, depending on 
whether the bulk angular speed has just been 
increased or decreased. With a very smooth 
spinning disc with hardly any vibrations, it 
can indeed be expected that due to the 
internal friction of the granular mass, its free 
surface will settle steeper or less steep if its 
preceding speed has been higher or lower, 
respectively_ For materials affected with this 
phenomenon, this was simply eliminated by 
keeping an electro-magnetic vibrator on top 
of the drive .unit for just about one second, 
each time a new disc speed was adjusted. In 
Appendix 3 a closer examination of this 
phenomenon is given. The second influence 
where corrections have to made for, was the 
air resistance of the spinning disc itself, as 
became clear from the desired moment to 
drive the disc when idling. This was done by 
subtraction of this “air moment” from the 
gross measured moment, and amounts to 
~‘~C, rr = Me + &fair = iVIe + constant times n,2 
(17) 
in which M,, equals the, very small, quasi- 
static moment at zero-approaching disc speed, 
LIZ,~, equals the moment caused by pure air 
resistance of the disc, and nd = r-p-m. of the 
disc. 
In our case, where the roughness of the disc 
was 1 run, the constant turned out to be 
3.867 X lo-, whereas MO was immeasurably 
small, but is added for completeness. This 
air moment is discussed in Appendix 4. 
Of course, the minimum required speed of 
the disc is the same as for the geometric 
method, and follows approximately from 
as discussed in Appendix 2. 
EXPERIMENTAL PROCEDURE 
As the geometric method is inferior to the 
volumetric method, only the latter procedure, 
which moreover is less timeconsuming, will 
be mentioned. 
/i 
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Fig_ 5. Block diagram illustrating the calculation of 
pa and pt from the measured quantities. 
(a) Measure the mass of a predetermined 
volume of granular material, e.g. concerning 
to R, = 0.1 by a balance. 
(b) Take readings of Fair at low and high 
revs of the idling disc_ 
(c) Pour the material on top of the disc, 
which is adjusted at the lowest permissible 
speed, i-e. somewhat higher than Wdmin: 
(d) Read values corresponding with disc 
moment fifdp and angukir bulk and disc speed, 
n and nd, respectively. 
(e) Increase disc speed. repeat d, etc_ until 
the maximum desired disc speed has been 
reached; repeat d_ 
(f) Adjust a lower disc speed, repeat d, etc. 
until the lowest permissible disc speed is 
reached again. 
(g) Calculate & and &, preferably with a 
computer, programmed according to the 
given equations- 
A block diagram of the computer program 
is given in Fig. 5. 
If the discrepancy between the results from 
the run with stepwise increased speed and 
those obtained from the run with stepwise 
decreased speed is too large, the complete 
test must be repeated making use of the 
vibrator just after each newly adjusted disc 
speed. There is no objection to using the vi- 
brator straight away, but then no information 
i0 
~ili be obtained about the “sticking” proper- 
ties of the material_ 
EXPERDIENTXL RESULTS 
Esperiments were carried out with rape, 
vetches, millet, lupin, 4 mm polystyrene grains, 
English and Russian peas, wheat, shelled 
oats, spinach and onions. Some typical test 
results are given in Fig_ 6 (a), (b) and (c) for 
rape, vetches and millet respectively at two 
different ftiI numbers (K,_ = 0.1 and 0.2). 
These results mere obtained without using the 
escitator. Most of the materiais tested, onions 
escluded. showed results similar to that of 
rape, Fig_ 6(a)_ However, from the results of 
both millet and vetches it became clear that a 
fill number of & = 0.1 is too small to prevent 
some differences in pd values obtained at 
increasing or decreasing disc speed. Specific 
fii of K, = 0.2 turned out to give optimum 
results, as apparently the moments are then 
large enough to measure satisfactorily and the 
variation of the effective radius r, is enclosed 
within acceptable limits, being within 0_25%, 
according to Appendix 1. 
In spite of this, onions happened to behave 
very esceptionaily, Fig. 7, which seems to be 
in conflict with the considerations as given in 
Appendix 3. An esplanation for this pheno- 
menon may Iie in the different shape of the 
cnion seed that vzas adopted for the tests as 
compared with the other bulk solids, i_e_ 
sharp-edged, which will cause a relatively high 
“hook” resistance_ This was also obvious 
from the tests, as the free surface of the 
onion seed did not take the smooth perfect 
shape of a paraboIoid at alI_ Hovzever, applica- 
tion of the vibrator caused the collapse of 
the widespread dots into nicely reproducible 
results, both shown in Fig. 7_ The overah 
inaccuracy in the magnitude of pa as a 
summation of the inaccuracies in AZ,, w, p 
and r,, which axe kO_25, S-2, ?l and ~0_2% 
respectively, equals k(O.25 f O-2 + 1 + I% X 
0.2) = 2 1.5% Tae inaccuracy of p, in depen- 
dence on the s&&g velocity is much smaller 
and equals the sum of the I& and o inaccura- 
cies which amount to m(0.25 + 0.2) = + 0.5%. 
The coefficient of friction at the tube wali 
(yt) has been obtained from eqn. (5 j, but has 
not been plotted as the sliding velocity at 
the tube waII does not vary much_ For 
Fig_ 6. mpical test results that can be expected when 
the excitator is not even used. 
example, in our test device the bulk rotational 
speed (n) happened to vary from 63.2 to 64.8 
r&m. for vetch, while the biggest variation 
was observed for onions, ranging from 63 up 
to 72 r_p.m_ The last numbers correspond to 
sliding velocities of only 1.5 and 1.7 m/set 
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Fig. 7. Showing the exceptional behaviour of onions. 
respectively. Consequently the calculated wall 
friction can be expected to vary much iess 
and was therefore used as an extra check on 
proper performance of the measurements. 
The actual variations of pit were very small 
indeed; in exceptional cases I Apt I went up to 
0.002. 
Measurements with the same materials have 
been also carried out according to the “dead- 
load” experiments as described by others [Z, 
5, 6, 7, 9, lo], although modified to allow 
for sliding velocities up to 14 m&c_ These 
tests did not clearly show any dependency of 
the kinetic friction coefficient with speed, but 
merely a wider spread: 
Pa Std. deviation 
,Xapeseed 
Vetcb 
Millet 
0.325 +0_012 
0.348 +0.021 
0.323 iO.028 
It may be concluded that millet leads to 
comparable results for both methods, as its 
coefficient of kinetic friction does not vary 
much within the range of higher velocities 
measured. 
LMlTATIONS OF THE METHOD 
The allowable size of the particles of the 
bulk material to be tested is bounded, due to 
the nature of the device. The smallest size is 
mainly determined by the clearance between 
disc and tube, and therefore the device cannot 
be used for powders. The largest size is limited 
by the maximum alIowabIe fill and/or desired 
accuracy. 
Due to the limited fill, the contact pressure 
between the bulk material and the disc is 
limited to relatively low values. 
CONCLUSION 
From analytically supported experiments 
the following conclusions can be drawn: 
(1) The test device described here has been 
designed, and can be used, for non-cohesive 
granular materials. 
(2) The device allows for measurement of 
the kinetic coefficient of friction for natural 
flow conditions as occur in many mechanical 
conveyors, Le. a translational mainstream 
along a surface, allowing for some mutual 
motion of the granules when the bulk is not 
confined all over. 
(3) Depending on the fill, the overall accu- 
racy amounts to r1.5%. This was made poss- 
ible by the application of air bearings. 
(4) With a minimum of 1 m/set. every velo- 
city occurring in practice can be accommo- 
dated- 
(5) The tests can be performed quickly. 
(6) No accuracy losses, or troubles of any 
other kind, were encountered with particle 
sizes ranging between 1.3 and 9 mm (it is prob- 
able also that particle sizes somewhat larger 
than 9 mm can be applied in a device ha-ving 
an outer radius r, of 225 mm). 
(7) The average contact pressure between 
granules and surface is limited to, and 
comparable with, a static head of some cen- 
timetres. 
(8) Backlash phenomena of the bulk, if 
they occur, can be elirninated by externally 
introduced vibrations during a short period of 
time during the test runs. This backlash 
phenomenon becomes more intensive as the 
particle shape deviates more from a pure 
sphere. 
(9) Another “surface” can be real&cl by 
replacing the disc. In most cases, however, it 
is possible and simpler to cover the steel disc 
with another material_ 
_APPZNDIX 1 Making use of this, eqn. (21) can be trans- 
formed into 
It wiII be shown that for the purpose des- 
cribed here, the kinetic diction coefficient 
hd) may be considered to be independent of 
the ,mdius, ie_ this will have a negligible effect 
on the caicuiation of the kinetic coefficient 
of friction from the esper’mentai data. In 
doing so, only main effects will be considered. 
-According to the esperimentahy determined 
characteristics, Fig_ 6, the following schematic 
representation of the kinetic friction coeffi- 
cient will suffice. 
pd = go (1 +ca.r) =po[l + c(wd -w)rl = 
~~(1 + -1 (18) 
in which c = a constant, indicating the varia- 
tion of p, with sliding veiocity, lv = sliding 
velocity of granules over the disc at radius r, 
p. = quasi-static coefficient of friction, i.e. 
when &J approaches zero, and e = c(wa-w). 
With this assumption, the moment eserted 
by the disc upon the granules then becomes, 
instead of (4): 
Md = ;rpopgi.irzf* f er,q) 
in which 
(19) 
p=l(l 
5 
-b5) +1 -b3) 
q =;(I -by --.+I -V) 
whiIe the new effective radius rz appears in: 
~12, = W&l + erL)r; (20) 
From (19j and (20), the new effective 
radius r: can be solved: 
1 
- =_ r4 
[11 
1+4er I 
2e ‘1 
1 fer, ;)I l’LR] (21) 
Term er, q/p equals er,- 
fr, \ 
(22) 
It can easily be calculated that the magni- 
tude of (q/p)/(rJr,) varies from 1, when b = 
1, to ~1.02 when b = 0.75. This means that 
(22) can be replaced by e.-, (1 + 6), where 0 < 
6 2 0.02, or 6 << 1. 
&I+& ere 
re (1 + 2er,)2 
where e = C(CG~ - w). 
When c = 0, indicating that pd is indepen- 
dent of sliding velocity, r: equals r,. A typical 
value of c f 0 can be taken from Fig. 6; 
roughiy, c sz l/150. This, combined with the 
maximum vaIue of (wa - wj being roughly 
150 rad/sec, yields e G l_ 
With 0 < 6 S 0.02 and 0.9 4 r, 5 1, eqn. 
(23) results in a maximum value of ~1.0023, 
justifying eqn. (4). 
APPENDLK 2 
The experiments have shown that at some 
combinations of bulk speed (w) and inner 
radius (ri), intensive mutual motions of the 
granules were introduced at the inner region, 
in the sense that the angular speed at smaller 
radii was higher than at larger radii. It was 
noticed that the bulk material was 
continuously sheared off. If, according to this 
phenomenon, we assume that the very small 
inner ring of granuhu material is pending to 
slide along a conical plane as indicated in Fig. 
8, a useful relation can be derived in applying 
Newton’s law: 
-dQl +w;;idm = 0 
+dp, 
(24) 
-dQz -_gdm 
-dF+S 
= ‘(25) 
+dQS 
= O(26j 
From those equations and Fig. 8, it folIo& 
that 
w”ri dp, dQ2 =dQ’=@tge 
( 
- 
E! dP3 dQa 1 dQ, dQ3 (27) 
Further, assuming that Coulomb’s Iaw of 
friction wiII hoId for the plane m-n, also : 
dQ3 = pi J(dQl)2 i (dQ2)” = c~ 
(-_) 
2 
dQs 
(28) 
At the disc surface: 
*,= &dp2 (29) 
By substituting (28) and (29), eqn. (27) cau 
be transformed into z 
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Fig. 8. Forces exerted upon the inner ring of the bulk 
material, which is pending to slide among m-n_ (a) 
Forces acting in the radial plane_ (b) Equiiibriuux in 
the tangential plane. 
pi =[ g -sinE+COSE pd 
\W*ri 1 (301 
It is likely that plane m-n will settle such 
that shear will take place at the lowest requir- 
ed energy, i.e. the angle E will correspond with 
a minimum shear force relative to the normal 
force. This means that we have to find the 
minimum required internal friction coeffi- 
cient (k) that will avoid shear_ According to 
(30): 
g 
tge=- 
W*ri 
(31) 
In other words, the plane of rupture settles 
itself perpendicular to the free surface of the 
bulk. 
Then eqn_ (30) can be written: 
2 
( 1 
w*r, = u”= 
1 
g 
b %]*-I[ 
(32) 
K 
expressing the situation for which the inner 
portion of the fill is pending to shear off from 
the remaining part_ As pi, J.L~ and b are more 
or less bounded, it is possible to avoid shear 
by averting U values Iower than those as de- 
termined by eqn. (32). 
APPENDIX 3 
Although the coefficient of internal 
friction (fii) of the most common free-flowing 
Fig. 9. Diagram showing, when p + 0, the two pos- 
sible extreme inclinations of the free surface at the 
same disc speed, depending on whether the disc 
speed has just been increased (----------) or decreased 
(---------)_ The position for p = 0 is indicated also 
(- ). 
granular materials amounts appro-ximately to 
0.5, only a slight difference in final results 
has been found for the disc kinetic coefficient 
of friction (pa) at the same disc speed, irres- 
pective of whether the measurements were 
taken after a stepwise increase or decrease of 
the disc speed. In making use of the diagram 
of Fig_ 9 this experimental result can be sup- 
ported analytically. 
This diagram illustrates the free surface of 
the bulk that can be expected in the case of a 
stepwise increase of the disc speed, for a gra- 
nular mass that has some internal friction_ If 
we assume that the mass will have an apparent 
internal coefficient of friction p in a plane 
parallel and just underneath the free surface, 
then it is plausible that the l&e surface will 
no longer settle itself perpendicular to the 
local acceleration but will rather stay back 
over an angle 6, for which 
+=tan-lp 
Actually a fictional p is introduced, related to 
the components in the radial planes of the 
motion of the granules in the top layer over 
the remaining ones. 
Only the case of stepwise increasing disc 
speed will be considered here, as replacement 
of P by -M afterwards will lead to the case 
of decreasing disc speed. From Fig. 9 it can be 
seen that 
~=ta+ax-~(~)-@]=~ (34) 
in which p = tan 0, and c = o*/g- 
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Intesation between h and ri results in: 
+&In ‘+-Per 
1 + .&Cri 1 
(35) 
Calculation of the volume of the fill and 
making use of (9) gives us, although slightly 
more complicated, the relation between K,. 
and b again: 
I ; (R; - R’) - 2(R, - Rd f] (36) 
in which 
R,=I+yU 
Rj =l+bpU (37) 
Consequently b has to be solved numerically_ 
The disc moment still equals (3) and (7), 
however, with a different result for both 
disc moment JZd and effective radius ‘; after 
integration. Substitution of (35) and integra- 
tion leads tar 
8s 
re =EP 
in which 
(38) 
S=i(l -bb’) -;b (1 -bb3)-(1 +Ey’) 
(39) 
with R, and Ri according to (37) The f&- 
tion coefficient then follows simply from (7)- 
Figure 10 shows an example for rapeseed at 
one disc speed and two different fills. It 
appeared that an increase of LL from 0 up to 
even 0.4 did not cause differences ti & larger 
than i 5-50/o 1, K, being s O-2_ The explanation 
may be that the effective radius r, will not 
.d 
0 05 10 -15 -23 2s .x0 .35 
Fig_ 10. Characte&ation of the theoretical influence 
of the apparent internal friction u) on the kinetic 
coefficient of sliding &)_ 
vary much for small fii anyway_ Besides 
this, the granules at the free surface move 
spiralwise upward (or downward) at increas- 
ing (or decreasing) disc speeds respectively- 
From film of this phenomenon it appeared 
that the path of the upper granules just before 
settlement deviated from about 5 to 10 de- 
grees from a purely circular one. This means 
that the apparent friction coefficient (p) will 
vary approximately from 8.5 to 18% from the 
internal friction coefficient (pi) or, as pi a~ 0.5, 
between 0.04 and 0.09. For the example that 
has been worked out in Fig_ 10 it can be seen 
that Pd is not influenced strongly by such _ 
low p vahres. Moreover, & then apparently 
increases almost linearly with JL Therefore 
the influence of small values of p on m was 
estimated more directly by calculation of 
a&lap, at values of ~1 approaching zero. This 
can be obtained from the preceding functions_ 
Equations (36) and (37) define a function fi : 
fi@,& V)=k, (40) 
Equations (7), (38) and (39) define a func- 
tion f2: 
f2tfifd, I-La, b, Pa v) =kz (41) 
Partial differentiation and combination gives: 
from which ap,/ap can be solved, as the other 
quantities can be calculated. Although this 
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requires intensive algebra, the final result 
once stored in the computer program has 
given very satisfactory support to the observ- 
ed phenomenon that the influence of the 
internal friction of the granular mass is not 
relevant, special cases like onions excluded_ 
It is of the order of 2.5% of the apparent 
friction coefficient Q, depending somewhat 
on K,_ 
APPENDIX 4 
From experiments with an idling disc it 
appeared that its air resistance, especially at 
higher speeds, could not be neglected_ For 
our test device, for example, this resistance 
could rise to about 12% of the moment desir- 
ed for driving the granules. Apparently the 
air moment increases almost perfectly with 
the square of the disc speed, as can be read 
from the test results, Fig. 11. 
Although the measured air moment of 
one disc would suffice for our own purpose, 
two discs of different thickness, hut the 
same diameter and roughness, were tested. 
This was to estimate the distribution of the 
air resistance over the flat sides of the disc 
and the radial slot at the circumference_ Such 
information might be helpful in scaling up or 
Fig_ II_ Increase of the air moment with speed of the 
idling disc. In this diagram Fe represents the measur- 
ed gram forces at the end of the measuring arm, 
the ~engt& of which - 0.306 m_ Roughness of the 
disc was about 1 Mm. 
T qJ 
-2 
Fig_ 12. The total moment (Mw,,) for which correc- 
tions had to be made consists of the, usually very 
small. zero moment ~12, and the air moment Msr By 
measurement of the moments AZ, and Ma at low and 
high disc speed nd, and nd__ the correctional moment 
was known for the remainfng speeds also. 
down the device. The parallelism of the 
straight lines at a slope of 2 in Fig. 11, al- 
though not fully expected, indicates that the 
air resistance in the slot increases with the 
square of the speed, just as for the flat sides. 
A somewhat different air resistance can be 
espected in the case where the disc is loaded, 
because of an increased shear gradient at the 
interface of granules and disc. Neglecting 
this influence and assuming a linear increase 
of the air shear stress at the disc surface with 
radius, this stress amounts to 
(43) 
while the stress at the &indrical surface of 
the disc can be espresse 1 as 
c and k being constants to be determined. 
By integration, the approximated air mo- 
ment, M&, follows from 
(45) 
in which E = 6/r,, the quotient of the thick- 
ness of the disc 6 and its outer radius ru_ 
As the length of the measuring arm is known 
(0.306 m in our case), the air moments of 
both discs are easy to determine from Fig. 12, 
by taking readings at e.g. 1500 r-p-m. Substi- 
tution of the data for each disc in (45) res- 
pectively leads to two equations from which 
c and k can be solved. In our case they turned 
out to be: 
c = 3.651 X 1O-4 N s2/m3 
k = 5.473 X 1O-4 N s2/m3 
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when Al, is expressed in N m, wd in radians/ 
set, and r, in metres, the tangential rough- 
ness of the disc surface being 1 crm approxi- 
mately_ In carrying out the tests, actually the 
required moment for idling was measured at 
low and high speed before and after a com- 
plete run of one material at one fill, Fig. 12. 
This curve can easily be expressed by 
GX, = AZ0 -t- &, = AZ0 + con&_ X r-2 (46) 
The values of M,,,,, as a function of m thus 
determined, were automatically corrected for 
in the computer program. 
LIST OF SY_IIBOLS 
Iength of measuring arm, for determina- 
tion of the gross moment MG eserted 
by the driving shaft, m 
dimensionless inner radius of bulk 
solid, ri/ru 3 1 
radial clearance between tube and disc, 
m, or 
w’/g, I/m or 
constant, indicating the variation of 
pd with sliding velocity, s/m, or 
constant for air resistance, N s2/m3 
auxiliary variable, l/m 
relative inaccuracy of Pd. 1 
relative inaccuracy of P,, 1 
force measured at the free end of the 
measuring arm, N 
value of F due to air resistance of the 
idling disc, N 
gravity, m/S 
height of the bulk solid on an arbitrary 
spot, m 
height of the buik solid at outer radius 
I- *, m 
constant for air resistance, N S/m3 
fill number; volume of the fill expressed 
as a part of (srrz)/4, I 
moment euerted by air resistance on 
the idling disc, Nm 
total moment for which corrections had 
to be made; equals summation of Me 
and&IO, N m 
nett moment, or moment exerted by 
the disc on the granules, N m 
gross moment as exerSd by the &iv- 
ing shaft, N m 
quasistatic moment of idling disc, nd - 
0,Nm 
M, 
n 
nd 
P 
Q 
r 
r.2 , 
re 
ri 
Umin 
V 
au 
Ut 
W 
Y 
6 
E 
I-(d 
Mi 
i.rt 
P 
7 
0 
Qi 
A 
w 
wd 
moment exerted by tube on bulk so- 
lids, N m 
rotational speed of bulk solid, r-p-m 
rotational speed of disc, r.p_m 
generalised force. N 
general&d force, N 
radius, m 
effective radius of the bulk solid, m 
effective radius of the bulk solid taking 
the variation of pd with radius into 
account, m 
inner, of smallest radius of the bulk 
solid, m 
outer radius of the bulk solid, m 
acceleration number of the bulk solid. 
a2r&, 1 
minimum desired value of U, 1 
volume of bulk solid, m3 
sliding velocity of granules over the disc 
at radius r, m/s 
sliding velocity of bulk soiid relative 
to the disc at the effective radius r,, 
m/s 
sliding velocity of bulk solid at tube 
wall, m js 
weight of the bulk solid, N 
specific weight of bulk solid, N/m3 
relative small quantity, or thickness of 
the disc, 1 
dimensionless clearance 6/r,, 1, or angle 
of rupture, rad 
apparent coefficient of internal fi-ic- 
tion of the bulk solid, 1 
coefficient of kinetic friction at inter- 
face of bulk solid and disc, 1 
coefficient of internal friction of the 
bulk solid, 1 
quasi-static coefficient of friction, i.e. 
Av approaching zero, I 
coefficient of kinetic friction at inter- 
face of buik solid and tube, 1 
apparent density of bulk solid, kg/m3 
shear stress at interface of disc and 
surrounding air, N/m2 
apparent angle of internal friction of the 
bulk solid, 1 
angle of kinetic friction at interface of 
bulk solid and disc, 1 
angle of internal friction of the bulk 
solid, 1 
angle of kinetic friction at interface of 
bulksolidandtube,l 
angular speed of bulk solid, radfs 
an@ar speed of disc, rad/.s 
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